The supermultiplet of boundary conditions in supergravity by Belyaev, Dmitry V. & Pugh, Tom G.
ar
X
iv
:1
00
8.
15
74
v2
  [
he
p-
th]
  2
7 O
ct 
20
10
Preprint typeset in JHEP style - HYPER VERSION
The supermultiplet of boundary conditions in
supergravity
Dmitry V. Belyaev
Institute for Fundamental Theory, Department of Physics,
University of Florida, Gainesville, FL 32611, USA
E-mail: belyaev@phys.ufl.edu
Tom G. Pugh
The Blackett Laboratory, Imperial College,
Prince Consort Road, London, SW7 2BZ, UK
E-mail: thomas.pugh08@imperial.ac.uk
Abstract: Boundary conditions in supergravity on a manifold with boundary relate the
bulk gravitino to the boundary supercurrent, and the normal derivative of the bulk metric
to the boundary energy-momentum tensor. In the 3D N = 1 setting, we show that these
boundary conditions can be stated in a manifestly supersymmetric form. We identify the
Extrinsic Curvature Tensor Multiplet, and show that boundary conditions set it equal
to (a conjugate of) the boundary supercurrent multiplet. Extension of our results to
higher-dimensional models (including the Randall-Sundrum and Horava-Witten scenarios)
is discussed.
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1. Introduction
Supersymmetric (susy) theories for systems with boundaries have been of great interest for
some time [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. The most notable examples of this are
the 11D Horava-Witten construction [14], also known as Heterotic M-Theory, and the 5D
Randall-Sundrum scenario [15, 16, 17, 18]. In these theories one begins by considering a
bulk supergravity action and then proceeds to couple boundary-localized matter to it. The
construction of a supersymmetric action, in these theories, is complicated by the fact that
the bulk Lagrangian, which we usually refer to as being invariant under supersymmetry,
in fact varies into a total derivative. The bulk action then varies into a surface term.
To produce an invariant action, when the effects of boundaries are considered, one
therefore typically resorts to using certain boundary conditions (b.c.). These relate the
bulk fields, which are restricted to the boundary, to the boundary-localized matter fields.
The boundary action is then constructed in such a way as to cancel the surface term, after
the b.c. have been imposed. Clearly, a key feature of these ‘susy with b.c.’ constructions
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is the b.c. themselves, as without them the bulk and boundary non-invariances are unable
to be related and so will not cancel.
The choice of boundary conditions available is subject to two constraints. Firstly,
the b.c. must vary into each other under supersymmetry, which we describe by saying
that they ‘form an orbit’ [19]. In other words, the b.c. must be expressible as a susy
multiplet. In rigidly supersymmetric models, the multiplets (superfields) of b.c. have been
identified e.g. in [20, 21]. Secondly, the b.c. must also be consistent with the variational
principle, which makes the construction of supersymmetric bulk + boundary actions quite
non-trivial, especially in supergravity [22, 23, 24, 25, 26, 27, 28]. For this reason, in several
studies on the subject, a semi-consistent approach has been adopted where the b.c. used
for supersymmetry do not match those derived from the action [29].
The fully consistent and constructive approach was presented in [30]. There it was
shown, in a 3D setting, that it is possible to identify ‘co-dimension one’ (boundary) super-
multiplets of the bulk supergravity and matter multiplets without imposing any boundary
conditions, and the procedure for constructing bulk + boundary actions that are ‘susy
without b.c.’ was described. This formulation relies on the existence of auxiliary fields
needed to form the multiplets. It was demonstrated, however, that in certain cases the
elimination of auxiliary fields yields actions that remain ‘susy without b.c.’ 1 In general,
however, the elimination of auxiliary fields mixes boundary conditions with supersymmetry
[20], and one ends up with a ‘susy with b.c.’ formulation as described above, but which is
guaranteed to be consistent.
In this paper, we will consider the 3D N = 1 equivalent of the Horava-Witten setup,
and will work with the ‘susy without b.c.’ formalism of [30]. The b.c. in this case are still
present but are simply implied by the variational principle rather than being necessary for
supersymmetry. As is well-known, the (‘natural’ [32, 33]) b.c. in supergravity relate the
normal derivative of the bulk metric (i.e. the extrinsic curvature tensor) to the boundary
energy-momentum tensor [34], and the bulk gravitino to the boundary supercurrent [24, 29].
We will cast these b.c. in a manifestly supersymmetric form, in which they relate the
Extrinsic Curvature Tensor Multiplet (ECTM), which we explicitly construct in this paper
for the first time, to the boundary Super Current Multiplet (SCM), first introduced in [35].
In section 2, we will set up our supersymmetric 3D bulk + 2D boundary system while
reviewing the formalism of [30]. We will derive the field equations and boundary conditions
as they follow from the variational principle, and pose the question of fitting them into
multiplets. In section 3, we will construct a multiplet that contains the extrinsic curvature
tensor Kmn. The verification that this ECTM transforms as a standard 2D N = (1, 0)
multiplet provides a spectacular display of the validity of the ‘susy without b.c.’ formalism.
(General 2D N = (1, 0) multiplets with external Lorentz indices, which are required in our
construction, are identified in the appendices A and B.) In section 4, we will demonstrate
that the b.c. in our model relate the ECTM to the boundary SCM. We then summarize
our results, and discuss their extension to higher-dimensional models.
1It is thus still an open question whether the 11D Horava-Witten model [14, 23, 24] allows a ‘susy without
b.c.’ formulation. Some obstacles in achieving this in the similar 5D setup have been discussed in [27, 31].
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2. Supersymmetric bulk + boundary system
2.1 3D supergravity on a manifold with a boundary
Our starting point is three-dimensional N = 1 supergravity in the presence of a boundary
as has been considered in [30]. We will follow the same conventions 2 and briefly review
the results of [30] here. We consider a three-dimensional manifold with a single boundary
normal to the x3 direction, where the bulk runs over the range 0 < x3. The presence
of the boundary breaks the symmetry under translations in the x3 direction and, as the
susy algebra closes on these translations, half the supersymmetry is broken as well. In the
conventions used, the surviving supersymmetry is parametrized by ǫ+, which is related to
the bulk supersymmetry parameter ǫ = ǫ++ ǫ− by ǫ+ = P+ǫ with the projection operators
defined by P± =
1
2(1 ± γ
3). Much of the algebra, in this bulk + boundary set up, is
simplified by the unusual Lorentz gauge choice,
ea
3 = 0 ⇒ em
3ˆ = 0 (2.1)
(whereas e3
a 6= 0 and e3ˆ
m 6= 0). This condition is not invariant under either the bulk
susy (δQ) or Lorentz (δL) transformations. However, (2.1) is invariant under the modified
supersymmetry transformation,
δ′Q(ǫ+) = δQ(ǫ+) + δL(λa3ˆ = −ǫ+ψa−). (2.2)
This modified susy represents the supersymmetry transformations intrinsic to the boundary
and involves a standard supersymmetry transformation, combined with a compensating
Lorentz transformation, which restores the gauge choice for the boundary vielbein. In
what follows, we will see that fields, which transform under δQ and δL in the bulk, can be
formed into well-behaved multiplets transforming under δ′Q on the boundary.
The bulk we consider is populated by a 3D supergravity multiplet (eM
A, ψM , S) which
transforms under the δǫ = δQ(ǫ) susy as
δǫeM
A = ǫγAψM , δǫψM = 2D̂M ǫ, δǫS =
1
2
ǫγMN ψ̂MN , (2.3)
where
D̂M ǫ = DM (ω̂)ǫ+
1
4
γM ǫS, ψ̂MN = D̂MψN − D̂NψM ,
D̂MψN = DM (ω̂)ψN −
1
4
γNψMS, DM (ω̂)ψN = ∂MψN +
1
4
ω̂MABγ
ABψN . (2.4)
Here D̂M is the 3D-supercovariant derivative.
3 It is covariant under Lorentz transfor-
mations but is not covariant under diffeomorphisms. The supercovariant spin connection
2M , N are curved 3D indices, A, B are flat 3D indices, with decomposition M = (m, 3) and A = (a, 3ˆ).
The 3D gamma matrices satisfy γAγB = γAB+ηAB with ηAB = (−++) and γAγBγC = γABC +ηABγC +
ηBCγA−ηACγB with γABC = εABC . Our spinors are Majorana; ψ = ψTC, CT = −C, CγAC−1 = −(γA)T.
The 3D epsilon tensor is related to the 2D epsilon tensor by εab3ˆ = εab.
3A supercovariant quantity has supersymmetry variation which does not involve derivatives of the super-
symmetry parameter ǫ. Acting on a supercovariant quantity with the supercovariant derivative produces
another supercovariant quantity.
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which appears in this derivative is given by
ω̂MAB = ω(e)MAB + κMAB , κMAB =
1
4
(ψMγAψB − ψMγBψA + ψAγMψB),
ω(e)MAB =
1
2
(CMAB − CMBA − CABM ), CMN
A = ∂MeN
A − ∂NeM
A, (2.5)
and it transforms under supersymmetry as
δǫω̂MAB =
1
2
ǫ(γBψ̂MA − γAψ̂MB − γM ψ̂AB)−
1
2
(ǫγABψM )S. (2.6)
The supergravity multiplet also transforms under the bulk Lorentz transformations δλ =
δL(λAB) as
δλeM
A = λABeMB , δλψM =
1
4
λABγABψM ,
δλS = 0, δλω̂MAB = −D(ω̂)MλAB . (2.7)
We define the 3D Riemann tensor R(ω̂)MN
AB = ∂M ω̂N
AB+ ω̂M
AC ω̂NC
B− (M ↔ N), and
find that the corresponding supercovariant tensor is given by
R̂MNAB = ∂M ω̂NAB + ω̂MA
C ω̂NCB +
1
8
(ψMγABψN )S
−
1
4
ψM (γBψ̂NA − γAψ̂NB − γN ψ̂AB)− (M ↔ N). (2.8)
Supersymmetry variation of the supercovariant gravitino field strength is then
δǫψ̂AB =
1
4
γCDǫR̂ABCD +
1
2
γBǫD̂AS +
1
8
γABǫS
2 − (A↔ B), (2.9)
where D̂MS = ∂MS −
1
4ψMγ
BC ψ̂BC .
With the scalar curvature defined by R(ω̂) = eB
MeA
NR(ω̂)MN
AB , the standard 3D
N = 1 supergravity action is
SSG =
∫
M
d3xe3
[1
2
R(ω̂) +
1
2
ψMγ
MNKD(ω̂)NψK +
1
4
S2
]
. (2.10)
In usual discussions of supersymmetry, one considers a Lagrangian invariant if it varies
into a total derivative. However, in the model considered here, the bulk Lagrangian lives
on a manifold M that has a boundary ∂M. This means that when the bulk action is
varied, the total derivative produced is mapped into a surface term on the boundary. The
presence of this surface term means that the action is no longer supersymmetric unless
certain boundary conditions are imposed which force the surface term to vanish.
The work of [30] improves on this situation by adding a boundary-localized term to
the action. The variation of this boundary term cancels the surface term produced by
the variation of the bulk. This gives an action that is supersymmetric, under the modi-
fied transformations (2.2), without the need for any boundary conditions. This improved
supergravity action is given by
SimprSG =
∫
M
d3xe3
[
1
2
R(ω̂) +
1
2
ψMγ
MNKD(ω̂)NψK +
1
4
S2
]
+
∫
∂M
d2xe2
[
K̂ +
1
2
ψa+γ
aγbψb−
]
, (2.11)
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where K̂ = emaK̂ma and K̂ma = ω̂ma3ˆ−
1
2ψm+ψa−, which is the (symmetric) supercovariant
extrinsic curvature. 4
2.2 2D induced supergravity
The transformations of the 3D supergravity multiplet imply that the induced 2D su-
pergravity multiplet is (em
a, ψm+). This transforms under the modified supersymmetry
δ′ǫ = δ
′
Q(ǫ+) introduced in (2.2) as [30]
δ′ǫem
a = ǫ+γ
aψm+, δ
′
ǫψm+ = 2D
′
m(ω̂
+)ǫ+, (2.12)
where D′m is the induced boundary covariant derivative,
5
D′m(ω̂
+)ǫ = ∂mǫ+
1
4
ω̂+mabγ
abǫ, (2.13)
and the 2D-supercovariant spin connection ω̂+mab is defined by
ω̂mab = ω̂
+
mab + κ
−
mab, ω̂
+
mab = ω(e)mab + κ
+
mab,
ω(e)mab =
1
2
(Cmab − Cmba − Cabm) = −Cabm, Cmn
a = ∂men
a − ∂nem
a,
κ−mab =
1
4
(ψm−γaψb− − ψm−γbψa− + ψa−γmψb−) =
1
2
ψa−γmψb−,
κ+mab =
1
4
(ψm+γaψb+ − ψm+γbψa+ + ψa+γmψb+) =
1
2
ψa+γmψb+. (2.14)
To simplify the expressions for κmab and ωmab, we have used the 2D Schouten identity,
which states that the antisymmetrization of any 3 indices vanishes. With these definitions,
ω̂+mab is the standard supercovariant spin connection for the induced vielbein em
a. The
2D-supercovariant gravitino field strength and Riemann tensor are defined by
ψ̂′mn+ = D
′
m(ω̂
+)ψn+ − (m↔ n),
R̂′(ω̂+)mn
ab = ∂mω̂
+
n
ab + ω̂+m
acω̂+nc
b +
1
2
ψm+γnψ̂
′ab
+ − (m↔ n), (2.15)
and the analogs of (2.6) and (2.9) are quite simple,
δ′ǫω̂
+
mab = −ǫ+γmψ̂
′
ab+, δ
′
ǫψ̂
′
ab+ =
1
2
γcdǫ+R̂
′
abcd. (2.16)
These are all standard 2D N = (1, 0) supersymmetry results which follow from the fact
that the modified supersymmetry transformations (2.2) close into standard 2D N = (1, 0)
supersymmetry algebra [30]. As a result, we can use the standard supergravity tensor
calculus [36, 37, 38, 39, 40] to construct (separately) supersymmetric boundary actions
depending on boundary-localized fields.
4The extrinsic curvature is usually defined by KMN = ±PM
KPN
L∇KnL where nM is the outward-
pointing vector normal to the boundary, PM
K = δM
K − nMn
K projects into the directions tangent to the
boundary and∇KnL = ∂KnL−ΓKL
SnS . In our gauge and with our choice of coordinates, nM = (0, 0,−e3
3ˆ)
and Kmn = ∓Γmn
3n3 = ±Γmn
3e3
3ˆ. The vielbein postulate yields Γmn
3e3
3ˆ = −ωma
3ˆen
a. Our sign choice
is then KMN = −PM
KPN
L∇KnL.
5In our conventions, the prime is universally used to mean “appropriate for the boundary.” (We could
also write ω̂′mab instead of ω̂
+
mab.) The 2D supercovariance is with respect to (2.2).
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2.3 Boundary-localized matter
Now we wish to consider coupling additional boundary-localized matter to the system. The
virtue of the ‘susy without b.c.’ setup is that this is easily done, as the bulk and boundary
are separately supersymmetric.
The basic 2D N = (1, 0) multiplets are the scalar multiplet Φ2(A) = (A,χ−) and the
spinor multiplet Ψ2(χ+) = (χ+, F ). The fields in these multiplets transform as
δ′ǫA = ǫ+χ−, δ
′
ǫχ− = γ
aǫ+D̂
′
aA,
δ′ǫχ+ = Fǫ+, δ
′
ǫF = ǫ+γ
aD̂′aχ+, (2.17)
where D̂′m is the 2D-supercovariant derivative. It is (minimally) supercovariant with respect
to the 2D (induced) supersymmetry δ′ǫ and is given by
D̂′mA = ∂mA−
1
2
ψm+χ−, D̂
′
mχ+ = D
′
m(ω̂
+)χ+ −
1
2
Fψm+. (2.18)
According to the 2D N = (1, 0) tensor calculus [40], the multiplets can be multiplied
Φ2(A)× Φ2(A˜) = (AA˜, A˜χ− +Aχ˜−) ≡ Φ2(AA˜),
Ψ2(χ+)× Φ2(A) = (χ+A, FA− χ−χ+) ≡ Ψ2(χ+A); (2.19)
their derivatives exist in the form of kinetic multiplets,
TΦ2(A) = (γ
aD̂′aχ−, D̂
′aD̂′aA) ≡ Ψ2(γ
aD̂′aχ−),
TΨ2(χ+) = (F, γ
aD̂′aχ+) ≡ Φ2(F ); (2.20)
and functions of the scalar multiplet can be defined,
Φ2(U(A)) = (U(A), U
′(A)χ−), (2.21)
where U ′(A) ≡ ∂U(A)/∂A. Finally, locally supersymmetric actions are constructed from
spinor multiplets as ∫
d2xe2
[
F +
1
2
ψa+γ
aχ+
]
. (2.22)
The boundary action we will consider consists of three separately supersymmetric
terms. Firstly, there are the kinetic terms for the scalar multiplet formed from the multiplet
Φ2(A)×TΦ2(A); similarly, there are the kinetic terms for the spinor multiplet formed from
the multiplet Ψ2(χ−)× TΨ2(χ−); and finally, there are superpotential-type terms formed
from the multiplet Ψ2(χ−)× Φ2(U(A)). This gives the boundary matter action
Sm = a
∫
∂M
d2xe2
[
− ∂aA∂
aA− χ−γ
a∂aχ− + ψa+γ
bγaχ−∂bA
]
+ b
∫
∂M
d2xe2
[
F 2 − χ+γ
a∂aχ+
]
+ c
∫
∂M
d2xe2
[
U(A)F − χ+χ−U
′(A) +
1
2
ψa+γ
aχ+U(A)
]
, (2.23)
– 6 –
where a, b and c are constants put in to keep track of the contributions arising from these
three separately supersymmetric terms. The complete action, S = SimprSG + Sm, formed
from (2.11) + (2.23), is supersymmetric as each of its parts are separately supersymmetric.
This shows how easy it is to create bulk + boundary actions similar to those in [22, 24, 25,
26, 27, 28] when the ‘supersymmetry without b.c.’ formalism is employed. 6
2.4 Field equations and boundary conditions
When the variational principle is applied to the complete action, three classes of equation
arise from the three quite different sectors of the variational principle. The variation of
bulk fields in the bulk gives rise to field equations for these bulk fields in the standard way.
These bulk field equations can be stated as the following supercovariant equations,
R̂AB −
1
2
ηABR̂ = 0, ψ̂AB = 0, S = 0, (2.24)
where the supercovariant Ricci tensor is defined by R̂MB = e
NAR̂MNAB. These vary into
one another under the bulk supersymmetry and under the bulk Lorentz transformations,
and hence vary into each other under the induced supersymmetry as well. We describe this
property by saying that this set of equations forms an orbit.
Similarly, the variation of boundary fields on the boundary gives rise to a second set of
field equations for the boundary fields. These boundary field equations can also be stated
in the supercovariant form,
2aD̂′aD̂
′aA+ cFU ′(A)− cχ+χ−U
′′(A) = 0, 2bF + cU(A) = 0,
2aγaD̂′aχ− + cχ+U
′(A) = 0, 2bγaD̂′aχ+ + cU
′(A)χ− = 0. (2.25)
As with the bulk field equations, this set forms another orbit under the induced supersym-
metry transformations.
Finally, there are the equations implied by the variation of bulk fields on the boundary.
This includes terms which are present due to having used integration by parts when deriving
the bulk field equations (2.24) as well as terms which arise due to the variation of the
boundary localized terms in (2.11). This gives the boundary conditions, which once again
can be stated in the supercovariant form, 7
K̂ab − ηabK̂
∣∣
∂M
= a
[
2D̂′aAD̂
′
bA+ χ−γbD̂
′
aχ− − ηabD̂
′
cAD̂
′cA− ηabχ−γ
cD̂′cχ−
]
+ b
[
χ+γbD̂
′
aχ+ + ηabF
2 − ηabχ+γ
cD̂′cχ+
]
+ c
[
ηabU(A)F − ηabχ+χ−U
′(A)
]
,
ψa−
∣∣
∂M
= aγbγaχ−D̂
′
bA−
c
2
γaχ+U(A). (2.26)
6We note that the ‘susy without b.c.’ formalism has recently been used in [41, 42].
7We consider only Neumann (natural) boundary conditions which arise from unrestricted variations of
em
a and ψm+ on the boundary. The other possibility is to use Dirichlet boundary conditions which restrict
the variations of these fields on the boundary.
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These two equations do not form an orbit on their own. However, the fact that (2.24),
(2.25) and (2.26) have all been derived from the supersymmetric action via the variational
principle guarantees that together they are closed under supersymmetry variation. The
question is how to extract a minimal orbit that contains (2.26) and some of the bulk and/or
boundary field equations. Furthermore, this orbit should be expressible as a multiplet of
the induced supersymmetry. 8 In what follows, we will identify what this multiplet is and
discuss its physical origin.
2.5 Supersymmetry with/without boundary conditions
In the ‘susy without b.c.’ formalism we have described, the three classes of field equation
encountered in section 2.4 appear on similar footings. However, our motivation for con-
sidering this 3D system is to gain a fuller understanding of more general and physically
important bulk + boundary systems where such a formalism is not always possible. This is
because the ‘susy without b.c.’ formalism relies heavily on the existence of auxiliary fields.
When these auxiliary fields are not available, the best one can do, in general, is to construct
a bulk + boundary system where supersymmetry of the action relies on using the boundary
conditions. In the resulting ‘susy with b.c.’ formalism, the boundary conditions are thus
set apart from the other equations implied by the variational principle. As studies in 5D
[16, 22, 25, 26, 27], 7D [28] and 11D [14, 23, 24] have demonstrated, it is quite non-trivial
to achieve consistency within the ‘susy with b.c.’ formalism. It is for this reason that we
wish to obtain a fuller understanding of the bulk + boundary systems in the simpler setups
where both formulations can be used.
3. The Extrinsic Curvature Tensor Multiplet
The first step in enabling the boundary conditions we have identified to be phrased as a
multiplet of the induced supersymmetry, is finding a multiplet which contains the extrinsic
curvature tensor K̂ab. We begin this process by noting that the variation of the odd parity
gravitino is given by [30]
δ′ǫψa− = γ
bǫ+(K̂ab +
1
2
ηabS). (3.1)
Using that εab ≡ εab3ˆ, γab = εab3ˆγ3ˆ and γa = γabγb = −ε
abγbγ
3ˆ imply
γaǫ+ = −ε
abγbǫ+, (3.2)
we rewrite (3.1) in the alternative form,
δ′ǫψa− = γ
bǫ+Uba, Uab ≡ K̂ab +
1
2
εabS. (3.3)
8If one could formulate the bulk (3D) supergravity in terms of boundary (2D) superfields, then the
field equations and boundary conditions would automatically arise in the superfield form. The way this
argument lifts to the component (tensor calculus) analysis was discussed in the rigidly supersymmetric
setting in [20, 21].
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Given that K̂ab is symmetric, whereas εab is antisymmetric, we see that in this second form
S enters independently, without mixing with K̂ab. The general 2D N = (1, 0) multiplet
that contains the transformation (3.3) is identified in appendix A. It is a reducible multiplet
(ζa−, Uab, λa+) with the transformations given in (A.9). In this section, we will establish
that the complete extrinsic curvature tensor multiplet (ECTM) is given by
ECTM =
(
ψa−, K̂ab +
1
2
εabS, −ψ̂a3ˆ+
)
. (3.4)
3.1 The variation of the middle component
First, we will demonstrate that the middle component, Uab = K̂ab +
1
2εabS with K̂ma =
ω̂ma3ˆ −
1
2ψm+ψa−, transforms in the correct way. Using the unmodified supersymmetry
(2.6) and Lorentz (2.7) transformations of ω̂MAB, we find that the modified (or induced)
supersymmetry transformation (2.2) of ω̂ma3ˆ is
δ′ǫω̂ma3ˆ = −
1
2
ǫ+(ψ̂ma− + γaψ̂m3ˆ+ + γmψ̂a3ˆ+)−
1
2
(ǫ+γaψm+)S +D(ω̂)m(ǫ+ψa−). (3.5)
Analyzing the covariant derivative which appears in this equation, we note that
D(ω̂)m(ǫ+ψa−) = ∂m(ǫ+ψa−) + ω̂ma
b(ǫ+ψb−)
= D′m(ω̂
+)(ǫ+ψa−) +
1
2
(ψa−γmψb−)(ǫ+ψ
b
−), (3.6)
and using the Fierz identity, 9 we find that the last term vanishes because
ψb−(χ+ψb−) = −
1
2
γaχ+(ψb−γ
aψb−) = 0. (3.7)
The variation of the supercovariant extrinsic curvature is then given by
δ′ǫK̂ma = δ
′
ǫω̂ma3ˆ −
1
2
ψm+δ
′
ǫψa− −
1
2
ψa−δ
′
ǫψm+
= −
1
2
ǫ+(ψ̂ma− + γaψ̂m3ˆ+ + γmψ̂a3ˆ+)−
1
2
(ǫ+γaψm+)S +D
′
m(ω̂
+)(ǫ+ψa−)
−ψa−D
′
m(ω̂
+)ǫ+ −
1
2
(ψm+γ
bǫ+)(K̂ab +
1
2
ηabS)
= ǫ+D
′
m(ω̂
+)ψb− +
1
2
(ǫ+γ
bψm+)(K̂ab −
1
2
ηabS)
−
1
2
ǫ+(ψ̂ma− + γaψ̂m3ˆ+ + γmψ̂a3ˆ+). (3.8)
Flattening the indices with the induced vielbein gives
δ′ǫK̂ab = ea
mδK̂mb − (ǫ+γ
cψa+)K̂cb
= ǫ+D
′
a(ω̂
+)ψb− −
1
2
(ǫ+γ
cψa+)(K̂bc +
1
2
ηbcS)
−
1
2
ǫ+(ψ̂ab− + γbψ̂a3ˆ+ + γaψ̂b3ˆ+). (3.9)
9The 2D Fierz identities read (ǫ+ψ−)η+ = −
1
2
(ǫ+γ
cη+)γcψ− and (ǫ+ψ−)φ− = −(ǫ+φ−)ψ−.
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Noting that the minimally supercovariant derivative of ψa− is given by
D̂′mψa− ≡ D
′
m(ω̂
+)ψa− −
1
2
γbψm+Uba, (3.10)
where D′m(ω̂
+)ψa− = ∂mψa− +
1
4 ω̂
+
mbcγ
bcψa− + ω̂
+
ma
bψb−, we can rewrite (3.8) as
δ′ǫK̂ab = ǫ+D̂
′
aψb− −
1
2
ǫ+(ψ̂ab− + γbψ̂a3ˆ+ + γaψ̂b3ˆ+). (3.11)
Let us now analyze ψ̂ab− which appears in this equation. Starting with
ψ̂MN = ∂MψN +
1
4
ω̂MABγ
ABψN −
1
4
γNψMS − (M ↔ N), (3.12)
then restricting the indices to lie tangent to the boundary and projecting with the negative
chirality projection matrix P− =
1
2(1− γ
3ˆ), we find that
ψ̂mn− = ∂mψn− +
1
4
ω̂mabγ
abψn− +
1
2
ω̂ma3ˆγ
aψn+ −
1
4
γnψm+S − (m↔ n). (3.13)
From the definition of the induced spin connection (2.14), we have
∂mψn− − (m↔ n) = en
a∂mψa− + ω(e)mn
aψa− − (m↔ n). (3.14)
Substituting this into (3.12) gives
ψ̂mn− = en
aD′m(ω̂
+)ψa− +
1
2
(K̂ma +
1
2
emaS)γ
aψn+
−
1
2
ψb−(ψn+γmψb+) +
1
8
γbcψn−(ψb−γmψc−) +
1
4
γaψn+(ψm+ψa−)− (m↔ n). (3.15)
After some Fierzing, we find that the 3-Fermi terms in the second line vanish. Thus
ψ̂ab− = D
′
a(ω̂
+)ψb− +
1
2
(K̂ac +
1
2
ηacS)γ
cψb+ − (a↔ b), (3.16)
and therefore
ψ̂ab− = D̂
′
aψb− − (a↔ b). (3.17)
Substituting this back into (3.11), we find that the variation of K̂ab becomes manifestly
(a↔ b) symmetric,
δ′ǫK̂ab =
1
2
ǫ+
(
D̂′aψb− − γaψ̂b3ˆ+ + (a↔ b)
)
. (3.18)
Next, we note that the variation of the auxiliary field S can be written as
δ′ǫS =
1
2
ǫ+γ
abψ̂ab− + ǫ+γ
aψ̂a3ˆ+
= −εab
(1
2
ǫ+ψ̂ab− + ǫ+γbψ̂a3ˆ+
)
. (3.19)
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Now using the identity εabε
cd = −(δcaδ
d
b − δ
d
aδ
c
b) yields
εabδ
′
ǫS = ǫ+
{
ψ̂ab− −
[
γaψ̂b3ˆ+ − (a↔ b)
]}
= ǫ+
(
D̂′aψb− − γaψ̂b3ˆ+ − (a↔ b)
)
, (3.20)
and therefore
δ′ǫUab = ǫ+
(
D̂′aψb− − γaψ̂b3ˆ+
)
. (3.21)
This shows that Uab does indeed transform as the bosonic component of the multiplet
(A.9), and identifies −ψ̂a3ˆ+ as the top component of the ECTM.
3.2 The variation of the top component
The remainder of the proof is to show that −ψ̂a3ˆ+ transforms as required. The modified
supersymmetry transformation (2.2) of ψ̂AB is
δ′ǫψ̂AB = δǫψ̂AB +
1
4
λCDγ
CDψ̂AB + λA
Cψ̂CB + λB
Cψ̂AC , (3.22)
where δǫψ̂AB is given in (2.9), and λab = 0, λa3ˆ = −ǫ+ψa−. Restricting one index to
lie in the tangent to the boundary direction (A = a) and the other in the normal to the
boundary direction (B = 3ˆ), and then projecting with the positive chirality projection
matrix P+ =
1
2(1 + γ
3ˆ), we find
δǫψ̂a3ˆ+ =
1
2
γbcǫ+R̂bca3ˆ +
1
2
ǫ+D̂aS =
1
2
ǫ+
(
εbcR̂bca3ˆ + D̂aS
)
. (3.23)
Let us now transform this expression further. The bulk-supercovariant derivative of S is
related to the boundary-supercovariant derivative by
D̂aS = D̂
′
aS −
1
4
ψa−(γ
cdψ̂cd+ − 2γ
cψ̂c3ˆ−), (3.24)
where the boundary-supercovariant derivative in question is given by
D̂′aS = ∂aS −
1
4
ψa+(γ
cdψ̂cd− + 2γ
cψ̂c3ˆ+). (3.25)
The bulk-supercovariant gravitino field strength is related to the boundary-supercovariant
gravitino field strength by
ψ̂ab+ = ψ̂
′
ab+ +
(1
2
γcK̂bc +
1
4
γaψb−S − (a↔ b)
)
. (3.26)
Analyzing the bulk-supercovariant Riemann tensor defined in (2.8), we find (after some
algebra) the following supercovariant Gauss-Codazzi equation
R̂abc3ˆ = D̂
′
aK̂bc +
3
8
ψc−ψ̂
′
ab+ +
1
4
ψa−(γcψ̂b3ˆ− + γbψ̂c3ˆ−)−
3
32
(ψa−γcψb−)S
+
1
2
(ψc−γaψ
d
−)K̂bd −
1
16
(ψa−γ
dψb−)K̂cd − (a↔ b), (3.27)
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where
D̂′aK̂bc = D
′
a(ω̂
+)K̂bc −
1
4
ψa+
(
D̂′bψc− − γbψ̂c3ˆ+ + (b↔ c)
)
. (3.28)
Finally, substituting (3.24), (3.26) and (3.27) into (3.23), gives
δ′ǫψ̂a3ˆ+ = −γ
cdǫ+D̂
′
dUca +
1
4
ǫ+(ψa−γ
cdψ̂′cd+)− ǫ+(ψ
b
−ψ̂
′
ab+), (3.29)
as required for consistency with (A.9). This completes the proof that (3.4) transforms as
a (reducible) 2D N = (1, 0) multiplet under the modified supersymmetry transformations
(2.2).
3.3 Irreducible submultiplets of the ECTM
Applying the splitting of the reducible multiplet described in (B.3), we find that
Ψ2(γ
aψa−) =
(
γaψa−, K̂ + S
)
,
Ψ2(γaγ
cγbψc−) =
(
γaγ
cγbψc−, 4P+a
cP+b
dK̂cd
)
,
Φ2(K̂ − S) =
(
K̂ − S, −2γaψ̂a3ˆ+ + γ
aγbD̂′bψa−
)
,
Φ2(4P−a
cP−b
dK̂cd) =
(
4P−a
cP−b
dK̂cd, −2γaγ
cγbψ̂c3ˆ+ + γaγ
cγbγ
dD̂′cψd−
)
(3.30)
are the four irreducible submultiplets inside (3.4). The first submultiplet has been identified
in [30], where it was called the ‘extrinsic curvature multiplet.’
Before closing this section, let us see what happens if one identifies K̂ab+
1
2ηabS, entering
in (3.1), with the second component of the multiplet (A.9). This is, in fact, consistent and
leads to the following ‘alternative ECTM’ multiplet
altECTM =
(
ψa− , K̂ab +
1
2
ηabS ,
1
4
γaγ
cdψ̂cd− −
1
2
γbγaψ̂b3ˆ+
)
. (3.31)
Subtracting (3.4) from (3.31) yields
(
0, P−abS,
1
4
γaP−γ
CDψ̂CD
)
. (3.32)
This is also a multiplet of the (A.9) type, with only a single irreducible submultiplet being
non-zero: the Φ2(2P
ab
+ Uab) in (B.3). This multiplet is set to zero by the bulk field equations
(2.24), so that the two off-shell multiplets, (3.4) and (3.31), match on-shell.
The above discussion clearly shows that the lowest component of a reducible multiplet
does not uniquely determine the other components, whereas in an irreducible multiplet it
does. It also makes it clear that the choice of the ECTM is not unique. We prefer the one
in (3.4) simply because it is the minimal choice.
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4. The supermultiplet of boundary conditions
Having identified the ECTM, we will now rewrite the boundary conditions we found in sec-
tion 2.4 as a boundary condition on this multiplet. We begin by considering the irreducible
submultiplets of the ECTM. These are easier to work with than the reducible multiplet,
since for these irreducible multiplets the lowest component uniquely determines the whole
multiplet. We construct the multiplets of boundary conditions by substituting (2.25) and
(2.26) into (3.30), in such a way that the on-shell b.c. (2.26), obtained from the variational
principle, are lifted to give the following off-shell b.c.
Ψ2(γ
aψa−)
∣∣
∂M
= −c
(
χ+U(A), FU(A)− χ+χ−U
′(A)
)
,
Ψ2(γaγ
cγbψc−)
∣∣
∂M
= 2a
(
γaγ
cγbχ−Ac, 4P+a
cAcP+b
dAd + χ−γaγ
cγbχc−
)
,
Φ2(K̂ − S)
∣∣
∂M
= −c
(
FU(A)− χ+χ−U
′(A), γaD̂′a (χ+U(A))
)
,
Φ2(4P−a
cP−b
dK̂cd)
∣∣
∂M
= 2a
(
4P−a
cAcP−b
dAd, 2γaγ
cγbγ
dχc−Ad
)
,
+ 2b
(
χ+γaγ
cγbχc+, γaγ
cγbχc+F − γaγ
cγbχ+Gc
)
, (4.1)
where Aa = D̂
′
aA, χa = D̂
′
aχ, and Ga is defined in (A.2). These boundary conditions for
the submultiplets of the ECTM recombine into the following boundary condition for the
ECTM itself 10(
ψa−, Kab +
1
2
εabS, −ψ̂a3ˆ+
)∣∣
∂M
= a
(
γbγaχ−D̂
′
bA, 2D̂
′
aAD̂
′
bA− ηabD̂
′
cAD̂
′cA+
1
2
χ−γaγ
cγbD̂
′
cχ−,
γcγaγ
dD̂′cχ−D̂
′
dA−
1
2
γaγ
bγcD̂′c(χ−D̂
′
bA)
)
+
1
2
b
(
0, χ+γaγ
cγbD̂
′
cχ+, γ
bγaD̂
′
bχ+F − γ
bγaχ+Gb
)
−
1
2
c
(
γaχ+U(A), ηabU(A)F − ηabχ+χ−U
′(A), γabD̂
′b(U(A)χ+)
)
. (4.2)
In order to gain some physical insight into this equation, we consider the flat rigidly su-
persymmetric 2D version of the boundary action (2.23) given by
Sflatm = a
∫
d2x
[
− ∂aA∂
aA− χ−γ
a∂aχ−
]
+ b
∫
d2x
[
F 2 − χ+γ
a∂aχ+
]
+ c
∫
d2x
[
U(A)F − χ+χ−U
′(A)
]
. (4.3)
The Noether current associated with the invariance of this action under supersymmetry is
the supercurrent
Jflata− = 2aγ
bγaχ−∂bA+ cγaχ+U(A), (4.4)
10We emphasize that the multiplet on the R.H.S. of (4.2) is an off-shell multiplet. As a boundary
condition, (4.2) reduces to (2.26) when the boundary field equations (2.25) are used.
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whereas the Noether current associated with the invariance under translations is the energy-
momentum tensor
T flatab = a
[
2∂aA∂bA+ χ−γb∂aχ− − ηab∂cA∂
cA− ηabχ−γ
c∂cχ−
]
+ b
[
χ+γb∂aχ+ + ηabF
2 − ηabχ+γ
c∂cχ+
]
+ c
[
ηabU(A)F − ηabχ+χ−U
′(A)
]
. (4.5)
With this in mind, let us return to the locally supersymmetric boundary setup and promote
these currents to their (boundary-)supercovariant equivalents,
Ĵa− = 2aγ
bγaχ−D̂
′
bA+ cγaχ+U(A) (4.6)
and
T̂ab = a
[
2D̂′aAD̂
′
bA+ χ−γbD̂
′
aχ− − ηabD̂
′
cAD̂
′cA− ηabχ−γ
cD̂′cχ−
]
+ b
[
χ+γbD̂
′
aχ+ + ηabF
2 − ηabχ+γ
cD̂′cχ+
]
+ c
[
ηabU(A)F − ηabχ+χ−U
′(A)
]
. (4.7)
Next, we fit the boundary field equations (2.25) into two multiplets, 11(
E(χ−), E(A)
)
≡ 2a
(
γaD̂′aχ−, D̂
′
aD̂
′aA
)
+ c
(
χ+U
′(A), FU ′(A)− χ+χ−U
′′(A)
)
,(
E(F ), E(χ+)
)
≡ 2b
(
F, γaD̂′aχ+
)
+ c
(
U(A), U ′(A)χ−
)
, (4.8)
so that (2.25) is equivalent to the vanishing of these multiplets. The Noether currents we
have identified can now be combined into a supercurrent multiplet (SCM) [35, 43] of the
(A.9) type given by
SCM =
(1
2
Ĵa−, T̂ab +
1
4
χ+γaγbE(χ+) +
1
4
χ−γaγbE(χ−) − ηabFE(F ),
−
1
2
γcD̂′cĴa− +
1
2
γbγaE(χ−)Ab +
1
4
γaγ
bE(χ−)Ab
+
1
4
γaχ−E(A) −
1
4
γaE(χ+)F −
1
4
γbγaχ+D̂
′
bE(F ) +
1
2
χa+E(F )
)
. (4.9)
Applying the ‘star transformation’ (A.11) to this multiplet gives(
−
1
2
γabĴ
b
−, T̂ba − ηabT̂cdη
cd −
1
4
χ+γaγbE(χ+) −
1
4
χ−γaγbE(χ−) + ηabFE(F ),
1
2
γbγaE(χ−)Ab −
1
4
γaγ
bE(χ−)Ab −
1
4
γaχ−E(A)
+
1
4
γaE(χ+)F −
1
4
γbγaχ+D̂
′
bE(F ) −
1
2
γabχ
b
+E(F )
)
. (4.10)
11E(F) denotes the equation of motion obtained through varying the field F .
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With a little algebra, we find this to be equal to the R.H.S. of (4.2). Hence, we conclude
that the boundary conditions following from the variational principle can be stated in the
following manifestly supersymmetric form 12
ECTM
∣∣
∂M
= ⋆SCM, (4.11)
where ECTM and ⋆SCM are off-shell multiplets given in (3.4) and (4.10), respectively.
This can be interpreted as the supermultiplet equivalent of the Israel junction condition
[34].
5. Conclusions
As we have seen, the boundary conditions in our ‘3D Heterotic M-Theory’ setup can be
neatly expressed in the form ECTM
∣∣
∂M
= ⋆SCM. Here both the Extrinsic Curvature
Tensor Multiplet and the Super Current Multiplet are off-shell multiplets, thanks to their
dependence on auxiliary fields S and F . In order to see the implications of our results to
higher-dimensional models, where auxiliary fields are not necessarily available, we should
discuss what happens when one eliminates these auxiliary fields through their (algebraic)
field equations.
As has been pointed out in [30], setting S = 0 in the improved supergravity action
(2.11) preserves its ‘susy without b.c.’ property. This happens because the boundary term
in (2.11) does not depend on S. 13 As our boundary-localized matter action (2.23) also
does not depend on S, the on-shell action in our case is also ‘susy without b.c.’ Curiously
enough, the second submultiplet of the ECTM in (3.30) is independent of S and thus
remains a multiplet in the on-shell case. But for other multiplets, the dependence on S
cannot be removed, and so setting S = 0 necessarily mixes the b.c. multiplets with the bulk
field equations. This, however, does not present a conceptual problem because consistency
only requires that field equations and boundary conditions together form a supersymmetry
orbit. And this is always guaranteed if the b.c. are derived from the supersymmetric action
via the variational principle.
Higher-dimensional supergravity multiplets contain extra fields (scalars, spinors, vec-
tors, antisymmetric tensors) besides the vielbein and the gravitino. The analogs of our
ECTM would then include odd parity components of these fields, but the b.c. would still
be ECTM
∣∣
∂M
= ⋆SCM with either off-shell (if auxiliary fields are available) or on-shell
multiplets. For example, in the 5D N = 1 case, the ECTM would include the odd part of
the graviphoton BM [27], whereas in the 11D case, the ECTM would include the odd part
of the bulk 3-form CMNK [24]. The b.c. should set these fields equal to conserved currents
that are part of the boundary SCM.
12In any number of dimensions, the bulk gravitino kinetic term is ∼ ψMγ
MNK∂NψK , whereas the bound-
ary coupling is ∼ ψm+J
m. The boundary condition on the odd parity gravitino is then γmnψn−
∣∣
∂M
∼ Jm
[24, 29]. With the ECTM and SCM containing ψm− and Jm, respectively, the ‘star conjugation’ is needed
to absorb the γmn in the boundary condition.
13In [20], it was demonstrated that when one considers boundary actions dependent on bulk auxiliary
fields, the elimination of the latter reduces ‘susy without b.c.’ to ‘susy with b.c.’
– 15 –
We expect that our (off-shell) ‘susy without b.c.’ discussion can be repeated in similar
4D and 5D setups. The tensor calculus for 4D N = 1 supergravity on a manifold with
boundary has been constructed in [44], whereas the more interesting (because of its relation
to Randall-Sundrum models) 5D analysis has not yet been performed. 14 We intend to keep
working in these directions with the goal of constructing supersymmetric bulk + boundary
actions, with the boundary conditions fully compatible with the variational principle.
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A. Multiplets of 2D N = (1, 0) supergravity
The basic irreducible multiplets in the 2D N = (1, 0) tensor calculus are the scalar,
Φ2(A) = (A,χ−), and the spinor, Ψ2(χ+) = (χ+, F ), multiplets whose supersymmetry
transformations are given in (2.17). Besides these, there is a variety of irreducible (and
reducible) multiplets with external Lorentz indices [46], which can be found, for example,
by applying supercovariant derivatives to the components of the basic multiplets. The
variation of these supercovariant objects is given by 15
δ′ǫ(D̂
′
aA) = ǫ+D̂
′
aχ−, δ
′
ǫ(D̂
′
aD̂
′
bA) = ǫ+D̂
′
aD̂
′
bχ− + ǫ+γaλb+,
δ′ǫ(D̂
′
aχ−) = γ
bǫ+D̂
′
bD̂
′
aA, δ
′
ǫ(D̂
′
aD̂
′
bχ−) = γ
cǫ+D̂
′
aD̂
′
cD̂
′
bA− γaǫ+Bb,
δ′ǫ(D̂
′
aχ+) = ǫ+Ga, δ
′
ǫ(D̂
′
aD̂
′
bχ+) = ǫ+Hab. (A.1)
14We note that the existing 5D tensor calculus for supergravity on an orbifold [45] does not satisfy our
consistency criteria as there odd parity fields are chosen to vanish at the brane/boundary [29].
15In proving these statements, we have used the following useful lemmas describing the commutators of
supercovariant derivatives,
[D̂′a, D̂
′
b]A = −
1
2
χ−ψ̂
′
ab+,
[D̂′a, D̂
′
b]D̂
′
cA = R̂
′
abcdD̂
′d
A−
1
2
D̂
′
cχ−ψ̂
′
ab+,
[D̂′a, D̂
′
b]D̂
′
cχ− = R̂
′
abcdD̂
′d
χ− +
1
4
R̂
′
abpqγ
pq
D̂
′
cχ− −
1
2
γ
d
ψ̂
′
ab+D̂
′
dD̂
′
cA,
[D̂′a, D̂
′
b]χ+ =
1
4
R̂
′
abcdγ
cd
χ+ −
1
2
Fψ̂
′
ab+,
[D̂′a, D̂
′
b]D̂
′
cχ+ = R̂
′
abcdD̂
′d
χ+ +
1
4
R̂
′
abpqγ
pq
D̂
′
cχ+ −
1
2
ψ̂
′
ab+Gc.
Furthermore we note that δ′ǫψ̂
′
ab+ =
1
2
γcdǫ+R̂
′
abcd and δ
′
ǫR̂
′
abcd = ǫ+γaD̂
′
bψ̂
′
cd+ − (a↔ b).
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where we defined
λa+ ≡ −ψ̂
′
ab+D̂
′
bA,
Ga ≡ D̂
′
aF +
1
2
χ+γ
bψ̂′ab+,
Ba ≡ D̂
′bχ−ψ̂
′
ab+ −
1
4
D̂′aχ−γ
cdψ̂′cd+,
Hab ≡ D̂
′
aGb + D̂
′cχ+γaψ̂
′
bc+ +
1
2
D̂′bχ+γ
cψ̂′ac+. (A.2)
These new quantities transform as
δ′ǫλa+ = γ
cdǫ+D̂
′
dD̂
′
cD̂
′
aA+ ǫ+Ba,
δ′ǫGa = ǫ+γ
bD̂′bD̂
′
aχ+,
δ′ǫBa = ǫ+γ
cdD̂′dD̂
′
cD̂
′
aχ− − ǫ+γ
c(ψ̂′ab+D̂
′
cD̂
′bA+ ψ̂′cb+D̂
′bD̂′aA),
δ′ǫHab = ǫ+γ
cD̂′cD̂
′
aD̂
′
bχ+. (A.3)
We use these transformations to identify several 2D multiplets. There is a scalar
multiplet with a single external Lorentz index (Aa, χa−) = (D̂
′
aA, D̂
′
aχ−) which transforms
as
δ′ǫAa = ǫ+χa−, δ
′
ǫχa− = γ
bǫ+D̂
′
bAa. (A.4)
Similarly, there is a scalar multiplet with two external Lorentz indices (Aab, χab−) =
(D̂′aD̂
′
bA, D̂
′
aD̂
′
bχ− + γaλb+) which transforms as
δ′ǫAab = ǫ+χab−, δ
′
ǫχab− = γ
cǫ+D̂
′
cAab. (A.5)
We also find spinor multiplets with external Lorentz indices. There is a spinor multiplet
with one external Lorentz index (χa+, Fa) = (D̂
′
aχ+, Ga) which transforms as
δ′ǫχa+ = ǫ+Fa, δ
′
ǫFa = ǫ+γ
bD̂′bχa+. (A.6)
Similarly, there is a spinor multiplet with two external Lorentz indices (χab+, Fab) =
(D̂′aD̂
′
bχ+,Hab) which transforms as
δ′ǫχab+ = ǫ+Fab, δ
′
ǫFab = ǫ+γ
cD̂′cχab+. (A.7)
Besides the above irreducible multiplets, we also identify certain reducible multiplets.
One such multiplet is (ζ−, Ua, λ+) = (γ
aD̂′aχ+, Ga, −
1
4χ+R̂
′ + 14γ
abψ̂′ab+F ) which trans-
forms as
δ′ǫζ− = γ
aǫ+Ua,
δ′ǫUa = ǫ+D̂
′
aζ− + ǫ+γaλ+,
δ′ǫλ+ = γ
abǫ+D̂
′
bUa −
1
4
ǫ+(ζ−γ
cdψ̂′cd+). (A.8)
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The corresponding multiplet with one external Lorentz index is (ζa−, Uab, λa+) =
(D̂′aχ−, D̂
′
aD̂
′
bA, λa+) which transforms as
δ′ǫζa− = γ
bǫ+Uba,
δ′ǫUab = ǫ+D̂
′
aζb− + ǫ+γaλb+,
δ′ǫλa+ = γ
cdǫ+D̂
′
dUca −
1
4
ǫ+(ζa−γ
cdψ̂′cd+) + ǫ+(ζ
b
−ψ̂
′
ab+). (A.9)
This reducible multiplet is central for the discussion in the main text. The ECTM (3.4) and
the SCM (4.9) are two examples of this multiplet. Another example is the 2D N = (1, 0)
Ricci tensor multiplet,
(γbψ̂′ab+, R̂
′
ab, D̂
′bψ̂′ba+), (A.10)
which would be essential for discussing field equations in 2D supergravity.
We note that although the multiplets (A.4) to (A.9) were obtained here by the action
of supercovariant derivatives, the results obtained are independent of this fact. This can
be checked by directly verifying that the supersymmetry algebra closes in the usual way,
for the transformation rules given.
Finally, we note that given a multiplet (A.9), we can form another multiplet
⋆(ζa−, Uab, λa+) = (εabζ
b
−, Uba − ηabU
c
c , −γabλ
b
+ − γabγ
cD̂′cζ
b
−). (A.11)
This ‘star transformation’ appears in the boundary condition (4.11). Note that it squares
to unity: ⋆2 = 1.
B. Irreducible submultiplets of reducible multiplets
The reducible multiplet (A.9) can be split into irreducible submultiplets. To do this, we
begin by defining the projection tensors,
P±ab ≡
1
2
(ηab ± εab), (B.1)
which enjoy the following properties
P+ab + P−ab = ηab, P+ab = P−ba,
P±a
bP±b
c = P±a
c, P±a
bP∓b
c = 0, P±
abP±ab = 0. (B.2)
Using these projection operators, we find that (ζa−, Uab, λa+) contains the following irre-
ducible submultiplets
Ψ2(γ
aζa−) =
(
γaζa−, 2P−
abUab
)
,
Ψ2(γaγ
cγbζc−) =
(
γaγ
cγbζc−, 4P+a
cP+b
dUcd
)
,
Φ2(2P+
abUab) =
(
2P+
abUab, 2γ
aλa+ + γ
aγbD̂′bζa−
)
,
Φ2(4P−a
cP−b
dUcd) =
(
4P−a
cP−b
dUcd, 2γaγ
cγbλc+ + γaγ
cγbγ
dD̂′cζd−
)
, (B.3)
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transforming as (χ+, F ), (χab+, Fab), (A,χ−) and (Aab, χab−) multiplets, respectively.
These multiplets can alternatively be expressed in terms of light-cone coordinates, 16
where we define ∂(±) = ∂0 ± ∂1 and ζ(±)− = ζ0− ± ζ1−. We find, respectively,(
γ(+)ζ(–)−, 2U(+)(–)
)
,(
γ(+)ζ(+)−, 2U(+)(+)
)
,(
U(–)(+), γ(–)λ(+)+ + D̂
′
(–)ζ(+)−
)
,(
U(–)(–), γ(–)λ(–)+ + D̂
′
(–)ζ(–)−
)
. (B.4)
It is clear that each of these multiplets contains one component Uab. The first two transform
as (χ+, F ), and the last two as (A,χ−) multiplets.
A similar splitting exists also for the multiplet (A.8).
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